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Abstract. In this paper, we propose a method for modeling concepts in
full computation-tree logic with sequence modal operators. An extended
full computation-tree logic, CTLS∗, is introduced as a Kripke semantics
with a sequence modal operator. This logic can appropriately represent
hierarchical tree structures in cases where sequence modal operators in
CTLS∗ are applied to tree structures. We prove a theorem for embed-
ding CTLS∗ into CTL∗. The validity, satisfiability, and model-checking
problems of CTLS∗ are shown to be decidable. An illustrative example
of biological taxonomy is presented using CTLS∗ formulas.

1 Introduction

Full computation-tree logic, CTL∗[6, 5], is known as one of the most important
branching-time temporal logics using computation-trees to specify and verify
concurrent systems. CTL∗ is sufficiently expressive for representing almost all the
important temporal properties, such as liveness, fairness, and safety of concurrent
systems. CTL∗ is more expressive than computation-tree logic (CTL) and linear-
time temporal logic (LTL). CTL [2] is a useful subsystem of CTL∗, but cannot
express some important properties, such as strong fairness. LTL [12] is also a
useful subsystem of CTL∗, but cannot express the properties that verify the
existence of a path. An important feature of CTL∗ is that the existence of paths
in computation-trees can be specified and verified. A computation-tree is one
representation of a non-deterministic computation or unwinding of a Kripke
structure, which is a directed graph; thus it can naturally express tree structures.

However, CTL∗ is not suitable for representing the highly complex and in-
formative structures of ontologies and taxonomies. This is because “normal”
trees are not sufficiently expressive to represent such complex structures. Hier-
archical tree structures (a combination of tree and hierarchical structures) are
better suited for this purpose because they are useful for representing ontologies
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and taxonomies in computer science applications. For example, biological ontolo-
gies, which are knowledge representation models with hierarchies of biological
vocabularies, are usually represented by ISA (subconcept relation), PART-OF
(inclusion relation), LOCATED-IN (spatial relation), and PROCEEDED-BY
(temporal relation) using hierarchical trees or directed acyclic graphs. A biolog-
ical process pathway is searched by finding a path in such a hierarchical tree or
directed acyclic graph. In order to represent temporal properties in hierarchi-
cal tree structures, we require a highly expressive branching-time temporal logic
with a new modal operator.

The aim of this study is to propose a method for modeling concepts in hi-
erarchical tree structures (i.e., computation-trees with additional information).
The concept modeling motivates us to improve CTL∗ with sequence modal op-
erators. We introduce a sequence modal operator [b], which represents a sequence
b of symbols, to describe the ordered labels in a hierarchy.

The reason for using the notion of “sequences” in the new modal operator
is explained below. The sequences concept is fundamental to practical reason-
ing in computer science, because it can appropriately represent data sequences,
program-execution sequences, action sequences, time sequences, word (charac-
ter or alphabet) sequences, DNA sequences etc. The notion of sequences is thus
useful for representing the notions of information, attributes, trees, orders, pref-
erences, strings, vectors, and ontologies. Additional information can be repre-
sented by sequences; which is useful because a sequence structure gives a monoid
〈M, ;, ∅〉 with informational interpretation [15]:

1. M is a set of pieces of (ordered or prioritized) information (i.e., a set of
sequences),

2. ; is a binary operator (on M) that combines two pieces of information (i.e.,
a concatenation operator on sequences),

3. ∅ is the empty piece of information (i.e., the empty sequence).

The sequence modal operator [b] represents labels as “additional informa-
tion.” A formula of the form [b1 ; b2 ; · · · ; bn]α intuitively means that “α is
true based on a sequence b1 ; b2 ; · · · ; bn of (ordered or prioritized) information
pieces.” Further, a formula of the form [∅]α, which coincides with α, intuitively
means that “α is true without any information (i.e., it is an eternal truth in
the sense of classical logic).” Simple and intuitive satisfaction relations called
sequence-indexed satisfaction relations are required to formalize the sequence
modal operator. These satisfaction relations are regarded as natural extensions
of the standard two-valued satisfaction relation of classical logic. The sequence-

indexed satisfaction relations, denoted as |=d̂, are indexed by a sequence d̂, and
the special case |=∅ corresponds to the classical two-valued satisfaction relation.

Then, |=d̂ α means that “α is true based on a sequence d̂ of information pieces”
and |=∅ α means that “α is eternally true without any information.”

This paper focuses on conceptual modeling by means of sequence modal
formulas in an extended full computation-tree logic, CTLS∗. If a sequence of
concept symbols is expressed by a sequence modal operator, then each order of



conceptual modeling sequence and formula

concept ci isa concept cj (1 ≤ i < j ≤ n) [c1; c2; · · · ; cn]
concept c has property p [c]p

concept c has properties p1 and p2 [c](p1 ∧ p2)

concept c has property p1 or p2 [c](p1 ∨ p2)

concept c does not have property p [c](¬p)

Table 1. Modeling of Concepts and Properties

concepts in the sequence is regarded as an ISA relation between the concepts in
a hierarchy. This formulation enables us to verify some temporal properties of
concepts in hierarchical tree structures.

The contents of this paper are summarized as follows: In Section 2, we provide
a method for modeling concepts in sequence modal operators and hierarchical
tree structures. An illustrative example of biological taxonomy using CTLS∗

formulas is presented. In Section 3, an extended CTL∗ with the sequence modal
operator is introduced as a Kripke semantics with sequence-indexed satisfaction
relations. In Section 4, an embedding theorem that explains the introduction of
CTLS∗ into CTL∗ is described. The validity, satisfiability, and model-checking
problems of CTLS∗ are shown to be decidable. In Section 5, some technical
remarks on extensions and modifications of CTLS∗ are given. In Section 6, we
conclude this paper.

2 Conceptual Modeling

In this section, we consider how to represent complex ontologies and taxonomies
using sequence modal operators and hierarchical tree structures.

2.1 Sequence Modal Operators

In ontology representation, a concept hierarchy is constructed by ISA relations
between concepts, i.e., a concept is a subconcept of another concept [9, 11, 10]. In
this study, we use sequence modal operators to represent ISA relations between
concepts. Let c1, c2, . . . , cn be concept symbols. Then, we write a sequence of
concept names by [c1; c2; · · · ; cn] (called a sequence modal operator). Each order
(ci, cj) (1 ≤ i < j ≤ n) of concepts in the sequence [c1; c2; · · · ; cn] can be used to
represent the ISA relation between ci and cj (as shown in Table 1). For example,
we declare the following order of two concepts as an ISA relation between birds
and animals.

[bird;animal]

This sequence expresses that concept bird is a subconcept of concept animal ,
indicating that every bird is an animal.
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Fig. 1. A biological taxonomy

Consider the example of biological taxonomy (Linnaean taxonomy [1]) shown
in Fig 1. Every concept in the taxonomy is described by the following sequence
modal operators.

[livingThing ]
[animal ; livingThing ]
[plant ; livingThing ]
[mammalia; animal ; livingThing ]
[bird ; animal ; livingThing ]
[amphibia; animal ; livingThing ]
[fish; animal ; livingThing ]

For the concept hierarchy, the different meanings of concepts are character-
ized by some properties. Using the sequence modal operators, some properties
of each concept are declared by the concept modeling as in Table 1. Let c be a
concept and p be a property. Then, [c]p is a sequence modal formula that implies
that concept c has property p. If we write [c1; c2]p, then it means that concept c1
is a subconcept of c2 and has property p. For example, the following expression
says that every bird is an animal and a living thing and can fly.

[bird; animal; livingThing ]canF ly

In addition, some complex properties of concepts are expressed by logical con-
nectives of properties p, p1, and p2, such as [c](p1 ∧ p2) , [c](p1 ∨ p2), and [c](¬p)
in Table 1. For example, the following sequence modal formula

[fish; animal; livingThing ](inWater ∧ ¬canFly)
shows the property that every fish is an animal and a living thing in water, but
it cannot fly.

2.2 Temporal Properties

For complex conceptual modeling, we consider the fact that some concepts have
temporal properties; which is why the above sequence modal formulas are used in
conceptual modeling. A concept can be said to be characterized by some proper-
ties but the properties may be temporally dynamic in the life cycles of instances



conceptual modeling formula

concept c has property p eventually in all paths [c]AFp

concept c always has property p in all paths [c]AGp

concept c has property p next in all paths [c]AXp

concept c has property p1 [c]A(p1Up2)
until it has property p2 in all paths

concept c has property p eventually in some path [c]EFp

concept c always has property p in some path [c]EGp

concept c has property p next in some path [c]EXp

concept c has property p1 [c]E(p1Up2)
until it has property p2 in some path

Table 2. Modeling of Temporal Properties

of the concept. For example, the expression [bird; animal; livingThing ]canF ly
lacks temporal meaning. This is because it implies that every bird can fly but
does not say that any adult bird can fly but any child bird cannot fly.

We model such a temporal property of a concept using a full computation-tree
logic with sequence modal operators (called CTLS∗). In the biological taxonomy,
the concepts are partially ordered by sequence modal operators and the life cycle
of each concept is characterized by temporal operators. Let c be a concept, p
be a property, and E (some computation path), X (next), U (until), A (all com-
putation paths), G (always), and F (eventually) be temporal operators. Table 2
shows the conceptual modeling of temporal properties in CTLS∗ formulas. For
example, we can express some temporal properties of concept bird as follows.

[bird; animal; livingThing ]EF(¬canF ly ∧ (EFcanF ly))

This formula implies the property that every bird cannot fly in a certain state
but it can fly eventually.

Consider representing temporal properties of the concepts in the biological
taxonomy. First, some temporal properties of concept livingThing are formalized
by CTLS∗ formulas as follows:

[livingThing]AF(living ∧AF(¬living) ∧A(livingU(AG¬living)))
By combining sequence modal operators and temporal operators, this formula
implies that every living thing is alive until it dies.

[animal; livingThing]AF(motile ∨ sentient)
[plant; livingThing]AG¬(motile ∨ sentient)

These formulas classify living things into animals and plants by characterizing
their life cycles. Every animal is motile or sentient, while plants are neither motile
nor sentient. The orders of symbols in sequence modal operators are useful in
representing a concept hierarchy. This is because the orders differentiate their
validities; in other words, the two formulas [b; c]α and [c; b]α are not equivalent.



In addition, the abovementioned example includes both temporal operators and
sequence modal operators; CTL* and other logics do not include both these
types of operators.

Moreover, several subcategories of animals are defined by the following CTLS∗

formulas.

[mammalia; animal; livingThing]AF(¬egg ∧AXchild ∧AXAXadult)
[bird; animal; livingThing]AF(egg∧AX(child∧¬canF ly)∧AXAX(adult∧
canF ly))

Every mammal is viviparous. In the course of its life cycle, it grows from a
juvenile into an adult. Every bird is oviparous and can fly when it grows into
an adult. In addition to the concepts, amphibians and fish are modeled by the
changes occurring during growth such that every fish is always in water, but
every amphibian lives both in water and on land. We can write the following
formulas where the property of birds is revised and the concepts of amphibians
and fish are defined.

[bird; animal; livingThing](AG(¬inWater)∧AF(egg∧AX(child∧¬canF ly)∧
AXAX(adult ∧ canF ly)))
[amphibia; animal; livingThing]AF((egg∧inWater)∧AX(child∧inWater)∧
AXAXadult)
[fish; animal; livingThing](AG(inWater)∧AF(egg∧AXchild∧AXAXadult))

The differences among three concepts, bird , amphibia, and fish, are characterized
by their living places. Every bird does not live in water but every fish always
lives in water. The properties of amphibians and fish are similar to each other,
but unlike fish, every amphibian can live both in the water and on land after it
becomes an adult.

2.3 Hierarchical Tree Structures

The sequence modal operators in CTLS∗ are applied to hierarchical tree struc-
tures where each hierarchical tree structure is a specific modal of concepts in
a hierarchy. Fig 2 shows a hierarchical tree structure of life cycles of concepts
mammalia and bird in the biological taxonomy. We define a Kripke structure

M = 〈S, S0, R, Ld̂〉 that corresponds to a model of the biological taxonomy as
follows:

1. S = {s0, s1, s2, s3, s4, s5, s6, s7},
2. S0 = {s0},
3. R = {(s0, s1), (s1, s2), (s2, s3), (s3, s4), (s4, s4), (s0, s5), (s5, s6), (s6, s7), (s7,

s4)},
4. LlivingThing(s0) = Lanimal(s0) = ∅,
5. LlivingThing(s1) = Lanimal(s1) = Lmammalia(s1) = {living},
6. LlivingThing(s2) = Lanimal(s2) = Lmammalia(s2) = {child, living},
7. LlivingThing(s3) = Lanimal(s3) = Lmammalia(s3) = {adult, living},



¬egg

egg child

child adult

adult

¬living

¬canF ly canF ly

[animal]

[mammalia]

[bird]

[livingThing]

living

living

living living

living living

Fig. 2. Life cycles of mammalia and bird

8. LlivingThing(s4) = LlivingThing(s4) = Lmammalia(s4) = Lbird(s4) = ∅,
9. LlivingThing(s5) = Lanimal(s5) = Lbird(s5) = {egg, living},
10. LlivingThing(s6) = Lanimal(s6) = Lbird(s6) = {child, living},
11. LlivingThing(s7) = Lanimal(s7) = Lbird(s7) = {canF ly, adult, living},
12. Lmammalia(s0) = Lmammalia(s5) = Lmammalia(s6) = Lmammalia(s7) = ∅,
13. Lbird(s0) = Lbird(s1) = Lbird(s2) = Lbird(s3) = ∅.

We can verify the existence of a path that represents required information in
the structure M . For example, we can verify: “Is there an animal that hatches
from an egg and can fly?” This statement is expressed as:

[animal](EFegg(∧EFcanF ly))

The above statement is true because we have a path s0→s5→s6→s7 with egg ∈
Lanimal(s5) and canF ly ∈ Lanimal(s7).

As discussed in the above, concept animal is further classified into concepts
bird , amphibia, and fish. Fig 3 shows a hierarchical tree structure of their life cy-

cles in the biological taxonomy. We define a Kripke structure M = 〈S, S0, R, Ld̂〉
that corresponds to a model of the biological taxonomy as follows:

1. S = {s0, s1, s2, s3, s4, s5, s6, s7, s8, s9, s10},
2. S0 = {s0},
3. R = {(s0, s1), (s1, s2), (s2, s3), (s3, s4), (s4, s4), (s0, s5), (s5, s6), (s6, s7), (s7,

s4), (s0, s8), (s8, s9), (s9, s10), (s10, s4)},
4. LlivingThing(s0) = Lanimal(s0) = ∅,
5. LlivingThing(s1) = Lanimal(s1) = Lbird(s1) = {egg, living},
6. LlivingThing(s2) = Lanimal(s2) = Lbird(s2) = {child, living},
7. LlivingThing(s3) = Lanimal(s3) = Lbird(s3) = {adult, canF ly, living},
8. LlivingThing(s4) = LlivingThing(s4) = ∅,
9. LlivingThing(s5) = Lanimal(s5) = Lamphibia(s5) = {egg, inWater , living},
10. LlivingThing(s6) = Lanimal(s6) = Lamphibia(s6) = {child, inWater , living},



egg

egg child

child adult

adult

¬living
inWaterinWater

[animal]

[bird]

[amphibia]

[livingThing]

living

living

living living

living living

[fish]

egg child adult

¬canF ly

living living living

canF ly

¬inWater

¬inWater

inWater inWater inWater

¬inWater ¬inWater

Fig. 3. Life cycles of bird, amphibias, and fish

11. LlivingThing(s7) = Lanimal(s7) = Lamphibia(s7) = {adult, living},
12. LlivingThing(s8) = Lanimal(s8) = Lamphibia(s8) = {egg, inWater , living},
13. LlivingThing(s9) = Lanimal(s9) = Lamphibia(s9) = {child, inWater , living},
14. LlivingThing(s10) = Lanimal(s10) = Lamphibia(s10) = {adult, inWater , living},
15. Lbird(s0) = Lbird(s4) = Lbird(s5) = · · · = Lbird(s10) = ∅,
16. Lamphibia(s0) = Lamphibia(s1) = · · · = Lamphibia(s4) = Lamphibia(s8) =

Lamphibia(s9) = Lamphibia(s10) = ∅,
17. Lfish(s0) = Lfish(s1) = · · · = Lfish(s7) = ∅.

We can verify the existence of a path that represents required information in
the structure M . For example, we can verify: “Is there an animal that hatches
from an egg and is in water until it dies?” This statement is expressed as:

[animal](EFegg ∧ (A(inWaterU¬living)))
The above statement is true because we have a path s0→s8→s9→s10→s4 with
egg ∈ Lanimal(s8), {inWater , living} ⊆ Lanimal(s8)∩Lanimal(s9)∩Lanimal(s10),
and living �∈ Lanimal(s4).

Moreover, we can verify: “Is there an animal that hatches from an egg and
is in water but will not be in water?” This statement is expressed as:

[animal](EFegg ∧ inWater ∧ (EF¬inWater))

The above statement is true because we have a path s0→s5→s6→s7 with egg ∈
Lanimal(s5), inWater ∈ Lanimal(s5), and inWater �∈ Lanimal(s7).



3 Full Computation-Tree Logic with Sequence Modal
Operator

Formulas of CTLS∗, which are defined by combining two types of formulas state
formulas and path formulas, are constructed from atomic formulas, 
 (truth
constant), ∨ (disjunction), ¬ (negation), E (some computation path), X (next),
U (until) and [b] (sequence modal operator) where b is constructed from atomic
sequence, the empty sequence ∅ and ; (concatenation). The other connectives ⊥
(falsity constant), → (implication), ∧ (conjunction), A (all computation paths),
G (always) and F (eventually) can be defined using the connectives displayed
above.

Definition 1 Assume that the numbers of atomic formulas and atomic sequences
are respectively countable. The symbol ∅ represents the empty sequence.

Formulas α, state formulas β, path formulas γ and sequences b are defined by
the following grammar, assuming p and e represent atomic formulas and atomic
sequences, respectively:

α ::= β | γ
β ::= p | 
 | β ∨ β | ¬β | [b]β | Eγ
γ ::= γ ∨ γ | ¬γ | [b]γ | Xγ | γUγ | path(β)
b ::= e | ∅ | b ; b

Remark that the “path” in Definition 1 is regarded as an auxiliary function
from the set of state formulas to the set of path formulas. This means that
a state formula is a path formula. The set of atomic formulas is denoted as
ATOM, and the set of sequences (including the empty sequence ∅) is denoted
as SE. Lower-case letters b, c, ... are used for sequences, lower-case letters p, q, ...
are used for atomic formulas, and Greek lower-case letters α, β, ... are used for
(state/path) formulas. The symbol ω is used to represent the set of natural
numbers. Lower-case letters i, j and k are used for any natural numbers. The
symbol ≥ or ≤ is used to represent a linear order on ω, and the symbol > or <
is used to represent a strict linear order on ω. An expression A ≡ B indicates
the syntactical identity between A and B. An expression [∅]α coincides with α,

and expressions [∅ ; b]α and [b ; ∅]α coincide with [b]α. An expression ˆ[d] is used

to represent [d0][d1][d2] · · · [di] with i ∈ ω and d0 ≡ ∅, i.e., ˆ[d] can be the empty

sequence. Also, an expression d̂ is used to represent d0 ; d1 ; d2 ; · · · ; di with
i ∈ ω and d0 ≡ ∅.

The logic CTLS∗ is then defined as a Kripke structure with an infinite number
of satisfaction relations.

Definition 2 A Kripke structure for CTLS∗ is a structure 〈S, S0, R, {Ld̂}d̂∈SE〉
such that

1. S is a (non-empty) set of states,
2. S0 is a (non-empty) set of initial states and S0 ⊆ S,



3. R is a binary relation on S which satisfies the condition: ∀s ∈ S ∃s′ ∈
S [(s, s′) ∈ R],

4. Ld̂ (d̂ ∈ SE) are mappings from S to the power set of AT (⊆ ATOM).

Definition 3 A path in a Kripke structure for CTLS∗ is an infinite sequence
of states, π = s0, s1, s2, ... such that ∀i ≥ 0 [(si, si+1) ∈ R]. An expression πi

means the suffix of π starting at si.

Definition 4 Let AT be a nonempty subset of ATOM. Let α1 and α2 be state
formulas and β1 and β2 be path formulas. Sequence-indexed satisfaction relations

|=d̂ (d̂ ∈ SE) on a Kripke structure M = 〈S, S0, R, {Ld̂}d̂∈SE〉 for CTLS∗ are
defined as follows (π represents a path constructed from S, s represents a state
in S, and e represents an atomic sequence):

1. for p ∈ AT, M, s |=d̂ p iff p ∈ Ld̂(s),

2. M, s |=d̂ 
 holds,

3. M, s |=d̂ α1 ∨ α2 iff M, s |=d̂ α1 or M, s |=d̂ α2,

4. M, s |=d̂ ¬α1 iff not-[M, s |=d̂ α1],

5. for any atomic sequence e, M, s |=d̂ [e]α1 iff M, s |=d̂ ; e α1,

6. M, s |=d̂ [b ; c]α1 iff M, s |=d̂ [b][c]α1,

7. M, s |=d̂ Eβ1 iff there exists a path π from s such that M,π |=d̂ β1,

8. M,π |=d̂ path(α1) iff s is the first state of π and M, s |=d̂ α1,

9. M,π |=d̂ β1 ∨ β2 iff M,π |=d̂ β1 or M,π |=d̂ β2,

10. M,π |=d̂ ¬β1 iff not-[M,π |=d̂ β1],

11. for any atomic sequence e, M,π |=d̂ [e]β1 iff M,π |=d̂ ; e β1,

12. M,π |=d̂ [b ; c]β1 iff M,π |=d̂ [b][c]β1,

13. M,π |=d̂ Xβ1 iff M,π1 |=d̂ β1,

14. M,π |=d̂ β1Uβ2 iff ∃k ≥ 0 [(M,πk |=d̂ β2) and ∀j (0 ≤ j < k implies

M,πj |=d̂ β1)].

Proposition 5 The following clauses hold for any state formula β, any path
formula γ and any sequences c and d̂,

1. M, s |=d̂ [c]β iff M, s |=d̂ ; c β,

2. M, s |=∅ [d̂]β iff M, s |=d̂ β,

3. M,π |=d̂ [c]γ iff M,π |=d̂ ; c γ,

4. M,π |=∅ [d̂]γ iff M,π |=d̂ γ.

Proof. (1) and (3) are proved by induction on c. (2) and (4) are derived using
(1) and (3), respectively. We thus show only (1) below.

Case (c ≡ ∅): Obvious.

Case (c ≡ e for an atomic sequence e): By the definition of |=d̂.

Case (c ≡ b1 ; b2): M, s |=d̂ [b1 ; b2]β iff M, s |=d̂ [b1][b2]β iff M, s |=d̂ ; b1 [b2]β

(by induction hypothesis) iff M, s |=d̂ ; b1 ; b2 β (by induction hypothesis).



Definition 6 A formula α is valid (satisfiable) if and only if one of the following
clauses holds:

1. if α is a path formula, then M,π |=∅ α for any (some) Kripke structure M ,

any (some) sequence-indexed valuations |=d̂ and any (some) path π in M ,
2. if α is a state formula, then M,π |=∅ path(α) for any (some) Kripke struc-

ture M , any (some) sequence-indexed valuations |=d̂ and any (some) path π
in M .

An expression α ↔ β means (α→β) ∧ (β→α).

Proposition 7 The following formulas are valid: for any formulas α and β,
any path formulas γ1 and γ2, any state formula δ and any sequences b and c,

1. [b](α ∨ β) ↔ ([b]α) ∨ ([b]β),
2. [b](¬α) ↔ ¬([b]α),
3. [b ; c]α ↔ [b][c]α,
4. [b]�γ1 ↔ �[b]γ1 where � ∈ {E,X},
5. [b](γ1Uγ2) ↔ ([b]γ1)U([b]γ2),
6. [b]path(δ) ↔ path([b]δ).

Definition 8 Let M be a Kripke structure 〈S, S0, R, {Ld̂}d̂∈SE〉 for CTLS∗, and
|=d̂ (d̂ ∈ SE) be sequence-indexed satisfaction relations on M . Then, the model
checking problem for CTLS∗ is defined by: for any formula α, find the set {s ∈
S | M, s |=∅ α}.

4 Embedding and Decidability

The logic CTL∗ can be defined as a sublogic of CTLS∗.

Definition 9 Let AT be a nonempty subset of ATOM. A Kripke structure for
CTL∗ is a structure 〈S, S0, R, L〉 such that

1. L is a mapping from S to the power set of AT,
2. 〈S, S0, R〉 is the same as that for a Kripke structure for CTLS∗.

The satisfaction relation |= on a Kripke structure for CTL∗ is obtained from

Definition 4 by deleting the clauses 5–6 and 11–12 and the sequence notation d̂.

Expressions |=d̂
CTLS∗ and |=CTL∗ are also used for CTLS∗ and CTL∗, respec-

tively. Note that |=∅
CTLS∗ includes |=CTL∗ .

A translation from CTLS∗ into CTL∗ is introduced below.

Definition 10 Let AT be a nonempty subset of ATOM and ATd̂ be the set

{pd̂ | p ∈ AT} (d̂ ∈ SE) of atomic formulas where p∅ := p, i.e., AT∅ := AT. The
language LS (the set of formulas) of CTLS∗ is defined using AT, 
,∨,¬, [b], E,
path, X and U by the same way as in Definition 1. The language L of CTL∗ is

obtained from LS by adding
⋃

d̂∈SE

ATd̂ and deleting [b].

A mapping f from LS to L is defined by:



1. f( ˆ[d]p) := pd̂ ∈ ATd̂ for any p ∈ AT,

2. f( ˆ[d]
) := 
,

3. f( ˆ[d](α ◦ β)) := f( ˆ[d]α) ◦ f( ˆ[d]β) where ◦ ∈ {∨,U},
4. f( ˆ[d]�α) := �f( ˆ[d]α) where � ∈ {¬,E,X},
5. f( ˆ[d]path(α)) := path(f( ˆ[d]α)),

6. f( ˆ[d][b ; c]α) := f( ˆ[d][b][c]α).

Lemma 11 Let f be the mapping defined in Definition 10. For any Kripke

structure M = 〈S, S0, R, {Ld̂}d̂∈SE〉 for CTLS∗, any sequence-indexed satisfac-

tion relations |=d̂
CTLS∗ on M and any state or path s in M, we can construct a

Kripke structure N = 〈S, S0, R, L〉 for CTL∗ and a satisfaction relation |=CTL∗

on N such that for any state or path formula α in LS,

M, s |=d̂
CTLS∗ α iff N, s |=CTL∗ f( ˆ[d]α).

Proof. Let AT be a nonempty subset of ATOM and ATd̂ be the set {pd̂ | p ∈ AT}
of atomic formulas. Suppose that M is a Kripke structure 〈S, S0, R, {Ld̂}d̂∈SE〉
for CTLS∗ such that

Ld̂ (d̂ ∈ SE) are mappings from S to the powerset of AT.

Suppose that N is a Kripke structure 〈S, S0, R, L〉 for CTL∗ such that

L is a mapping from S to the powerset of
⋃

d̂∈SE

ATd̂.

Suppose moreover that for any s ∈ S,

p ∈ Ld̂(s) iff pd̂ ∈ L(s).

The lemma is then proved by induction on the complexity of α.
• Base step:

Case (α ≡ p ∈ AT): M, s |=d̂
CTLS∗ p iff p ∈ Ld̂(s) iff pd̂ ∈ L(s) iff N, s |=CTL∗

pd̂ iff N, s |=CTL∗ f( ˆ[d]p) (by the definition of f).
• Induction step: We show some cases.

Case (α ≡ [b]β): M, s |=d̂
CTLS∗ [b]β iff M, s |=d̂ ; b

CTLS∗ β iff N, s |=CTL∗

f([d̂ ; b]β) (by induction hypothesis) iff N, s |=CTL∗ f( ˆ[d][b]β) by the definition
of f .

Case (α ≡ α1∨α2): M, s |=d̂
CTLS∗ α1∨α2 iff M, s |=d̂

CTLS∗ α1 or M, s |=d̂
CTLS∗

α2 iff N, s |=CTL∗ f( ˆ[d]α1) or N, s |=CTL∗ f( ˆ[d]α2) (by induction hypothesis) iff

N, s |=CTL∗ f( ˆ[d]α1) ∨ f( ˆ[d]α2) iff N, s |=CTL∗ f( ˆ[d](α1 ∨ α2)) (by the definition
of f).

Case (α ≡ Eβ): M, s |=d̂
CTLS∗ Eβ iff ∃π: path starting from s (M,π |=d̂

CTLS∗

β) iff ∃π: path starting from s (N, π |=CTL∗ f( ˆ[d]β)) (by induction hypothesis)

iff N, s |=CTL∗ Ef( ˆ[d]β) iff N, s |=CTL∗ f( ˆ[d]Eβ) (by the definition of f).



Case (α ≡ β1Uβ2 and s is a path π): M,π |=d̂
CTLS∗ β1Uβ2 iff ∃k ≥ 0

[(M,πk |=d̂
CTLS∗ β2) and ∀j (0 ≤ j < k implies M,πj |=d̂

CTLS∗ β1)] iff ∃k ≥ 0

[(N, πk |=CTL∗ f( ˆ[d]β2)) and ∀j (0 ≤ j < k implies N, πj |=CTL∗ f( ˆ[d]β1))]

(by induction hypothesis) iff N, π |=CTL∗ f( ˆ[d]β1)Uf(
ˆ[d]β2) iff N, π |=CTL∗

f( ˆ[d](β1Uβ2)) (by the definition of f).

Lemma 12 Let f be the mapping defined in Definition 10. For any Kripke
structure N = 〈S, S0, R, L〉 for CTL∗ and any satisfaction relation |=CTL∗ on
N , and any state or path s in N, we can construct a Kripke structure M =

〈S, S0, R, {Ld̂}d̂∈SE〉 for CTLS∗, sequence-indexed satisfaction relations |=d̂
CTLS∗

on M such that for any state or path formula α in LS,

N, s |=CTL∗ f( ˆ[d]α) iff M, s |=d̂
CTLS∗ α.

Proof. Similar to the proof of Lemma 11.

Theorem 13 (Embedding) Let f be the mapping defined in Definition 10.
For any formula α, α is valid in CTLS∗ iff f(α) is valid in CTL∗.

Proof. By Lemmas 11 and 12.

Theorem 14 (Decidability) The model checking, validity and satisfiability prob-
lems for CTLS∗ are decidable.

Proof. By the mapping f defined in Definition 10, a formula α of CTLS∗ can
finitely be transformed into the corresponding formula f(α) of CTL∗. By Lem-
mas 11 and 12 and Theorem 13, the model checking, validity and satisfiability
problems for CTLS∗ can be transformed into those of CTL∗. Since the model
checking, validity and satisfiability problems for CTL∗ are decidable, the prob-
lems for CTLS∗ are also decidable.

Since the mapping f is a polynomial-time translation, the complexity re-
sults for CTLS∗ are the same as those for CTL∗, i.e., the validity, satisfiability
and model-checking problems for CTLS∗ are 2EXPTIME-complete, determinis-
tic 2EXPTIME-complete and PSPACE-complete, respectively.

5 Technical Remarks

In the following paragraph, we remark that the applicability of CTLS∗ can be
extended by adding an operator − (converse), which can satisfy the following
axiom schemes:

1. [−−b]α ↔ [b]α,
2. [−(b ; c)]α ↔ [−c ; −b]α.



The resulting extended logic is called here CTLS∗−. The converse operator − can
be used to change the order of sequences in the sequence modal operator; in other
words, the priority of information can be changed by−. The satisfaction relations
of CTLS∗− are obtained from Definition 4 by adding the following conditions:

1. for any atomic sequence e, M, s |=d̂ [−e]α1 iff M, s |=d̂ ; −e α1,

2. M, s |=d̂ [−−b]α1 iff M, s |=d̂ [b]α1,

3. M, s |=d̂ ; −−b α1 iff M, s |=d̂ ; b α1,

4. M, s |=d̂ [−(b ; c)]α1 iff M, s |=d̂ [−c ; −b]α1,

5. M, s |=d̂ ; −(b ; c) α1 iff M, s |=d̂ ; −c ; −b α1,

6. for any atomic sequence e, M,π |=d̂ [−e]β1 iff M,π |=d̂ ; −e β1,

7. M,π |=d̂ [−−b]β1 iff M,π |=d̂ [b]β1,

8. M,π |=d̂ ; −−b β1 iff M,π |=d̂ ; b β1,

9. M,π |=d̂ [−(b ; c)]β1 iff M,π |=d̂ [−c ; −b]β1,

10. M,π |=d̂ ; −(b ; c) β1 iff M,π |=d̂ ; −c ; −b β1.

In a similar manner as in the previous sections (with some appropriate modifi-
cations), we can obtain the embedding theorem of CTLS∗− into CTL* and the
decidability theorem for the validity, satisfiability, and model-checking problems
of CTLS∗−.

We also remark that the proposed framework for the sequence modal opera-
tor [b] where b includes {∅, ;,−} can also be adapted to CTL [2] and LTL [12].
Namely, we can similarly introduce two extended logics CTLS− and LTLS− with
the addition of [b] to CTL and LTL, respectively, and we can show the corre-
sponding embedding (into CTL and LTL, respectively) and decidability (w.r.t.
validity, satisfiability and model-checking) theorems for CTLS− and LTLS−. The
logics CTLS− and LTLS− may be useful for possible applications using model
checking technologies [3], since CTL and LTL are known to be useful for verify-
ing and specifying concurrent systems by model checking. By the corresponding
embedding theorems, CTLS− and LTLS− have the same technical situations
as CTL and LTL, respectively. For example, CTLS− has some feasible model
checking algorithms, which are deterministic PTIME-complete (see [4] for CTL),
but CTLS− cannot express some important temporal properties such as strong
fairness. Similar to LTL, the logic LTLS− can express almost all the important
temporal properties, but LTLS− has no feasible model checking algorithms, since
the model checking problem of LTL is known to be PSPACE-complete [13]. Since
CTL and LTL have been rivaled each other [14], the proposed logics CTLS− and
LTLS− may also be rivaled each other. Although as mentioned in Section 1, the
logic CTL∗ is known to be a result of cooperating and integrating CTL and LTL,
the logic CTLS∗− is regarded as a result of cooperating and integrating CTLS−
and LTLS−. For the purpose of conceptual modeling, the proposed expressive
full-computation logics CTLS∗ and CTLS∗− are more useful than CTLS− and
LTLS−.



6 Conclusion

This paper presented a new method for conceptual modeling of biological taxon-
omy for ISA relations, temporal properties, and hierarchical tree structures. For
logical reasoning of the conceptual modeling, an extended full computation-tree
logic CTLS∗ with the sequence modal operator [b] was introduced. This logic
could be used to appropriately represent hierarchical tree structures, which are
useful in formalizing ontologies. The embedding theorem of CTLS∗ into CTL*
was proved. The validity, satisfiability, and model-checking problems of CTLS∗

were shown to be decidable. The embedding and decidability results allow us
to use the existing CTL*-based algorithms to test the satisfiability. Thus it was
shown that CTLS∗ can be used as an executable logic to represent hierarchical
tree structures.
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